We present a computer simulation and theoretical study of a ballistic deposition process in which spheres are incident on a planar surface. Each incoming sphere follows a path of steepest descent which may involve rolling over the surface of preadsorbed spheres. All particles reaching a stable, elevated position are removed. The frequency of the various rolling mechanisms are evaluated as a function of coverage. The addition mechanism generates clusters of connected spheres by accretion and coalescence. We evaluate the dependence of the cluster size distribution and coalescence probability on coverage. Various peaks in the radial distribution function of the deposited layer provide a signature for the deposition mechanism. The asymptotic approach to saturation is shown to be of the form 8, -6(t) a exp[ -(4/7r)S,t]/?, where S, = ,/3/2 is the smallest possible target area. The expression is shown to be consistent with the simulation results. Interpolants, which accurately describe the time-dependent coverage over the entire coverage range, are developed based on the exact expressions for the asymptotic and low coverage kinetics.
I. INTRODUCTION
The random sequential adsorption (RSA) process appears to be of some utility as a model for the irreversible adsorption of large particles at solid interfaces.'-' The complex process of adsorption is modeled quite simply by the successive random placement of nonoverlapping objects on a surface. A large body of literature now exists dealing with computational and theoretical studies of RSA,' and a number of experimental studies appear to verify some predictions of the RSA mode1.3*5*7 For example, Onoda and Liniger3 studied the adsorption of monodispersed latex spheres on a polyacrylamide coated glass slide. The observed value of the saturation coverage, 0( CO > =0.55, is in good agreement with the value obtained in several computer simulation studies of the RSA of hard spheres on a planar surface: 0.547. ' It is clear, however, that RSA is deficient as a complete model for particle adsorption. In particular, the assumptions of RSA are invalid under conditions for which the effect of external forces such as gravity are more important than diffusion. In the limit of a strong external field the trajectories of the adsorbing particles become straight lines. Such depositing particles seek out a position of minimum potential energy by following a path of steepest descent over previously deposited particles. The process, which in general leads to the formation of multilayers, is referred to as "ballistic deposition." Wojtaszczyk et al9 recently studied the deposition of melamine formaldehyde particles of approximate diameter 5 pm and density 1.5 g cmm3 from aqueous solution. Based on the form of the radial distribution function of the adsorbed layer of particles, these workers conclude that this process is accurately modeled by ballistic deposition. Most of the previous theoretical studies have focused on the morphology and fractal scaling properties of the multilayer deposits.'C12 More recently, several authors have investigated models in which multilayer formation is prevented.i3-l5 One can regard these models as a modified RSA process: unlike the latter, incoming particles are not rejected outright if they contact a preadsorbed particle. Instead they continue down the path of steepest descent until they reach a stable position. Only those that fail to reach the solid are rejected.
The 1+ 1 dimensional process, i.e., disks incident on an infinite line, has been studied analytically. '3.16 When formulated in terms of a gap distribution function the model may be solved exactly. In particular, the saturation coverage, 0( 00) =0.808 65.e. ,12,15 is larger than that of the corresponding RSA process, 0( CO ) =0.747* * *.I' Moreover, the saturated state is approached rapidly e(m)-e(t)-7,
while in RSA, the asymptotic kinetics obey the well-known power law t3(c0>-e(t)-t-1. Jullien and Meakin14 have studied the ballistic deposition of spheres on a plane with computer simulation. Again, the saturation coverage, at 0.610 56 *O.OOO 05 is larger than that of the corresponding RSA process, 0.547. The saturated state is approached exponentially emC1' et 00 1 -e(t) -t"z,
where the coefficients cl and c2 were determined by a leastsquares fit to the simulation data: cl ~0.4 and c2z4.14 While the asymptotic behavior of the RSA process for spherical particles adsorbing in a d-dimensional space is easy to derive,'*~i9 no such simple argument applies to the ballistic deposition process (see Sec. V). The process had also been analyzed theoretically by Thompson and Glandtt5 in the low coverage range. They obtained a density expansion up to third order for the pair distribution function, ~'~'(r,p) and the leading term in the three particle function, and from this the expansion of the available surface function to third order in coverage
with a,=9.612 05. We have analyzed the short time kinetics for a generalized ballistic deposition process which incorporates features of both RSA and simple ballistic deposition2' for which the efficiency of rolling is controlled by a parameter u. In this model the rate of deposition, 4 = de/ dt, is given by
where $DD is the available surface function for direct deposition and 4RM is that for the deposition through rolling motion. For a=0 the process reduces to RSA, while a= 1 corresponds to ballistic deposition. For the latter value, we show elsewhere2' that the value of the e3 coefficient is a3 =9.949 78, i.e., slightly larger than the value reported by Thompson and Glandt. The difference results from the omission of a symmetry factor in the triplet distribution function employed by these authors. Comparison with simulation appears to confirm our result.2' In any case, the range of validity of the expansion (3) is quite limited.15 A goal of the present work is to develop a simple expression that accurately describes the kinetics of the BD process over the entire coverage range. This has been accomplished for RSA by constructing interpolants between the exact low density expansion and the asymptotic power law behavior.4f22*23 Thus an intermediate objective here is to understand the late stage kinetics of the BD process. A secondary objective is to examine in detail the coverage dependence of the different rolling processes. These events produce connected clusters of adsorbed particles. In the next section, we briefly explain the simulation and units.
II. SIMULATION
The simulations were performed in a square cell of side L with the usual periodic boundary conditions. The relative size of a sphere of diameter o to the simulation cell is specified by the parameter r,= (7rd)/( 4L2). The dimensionless coverage, 0, is defined as 8= (7&N)/( 4L2) where N is the number of adsorbed particles. The elapsed time is defined as t= (7rgN=)/( 4L2) where N, is the number of attempts that have been made to add particles.
The simulation algorithm which we employed is that devised by several authors,'4'15 which in turn is similar to algorithms for multilayer ballistic deposition with restructuring." These methods circumvent the need to follow explicitly the particle trajectory by making small steps along the path of steepest descent. For completeness, we summarize the algorithm here.
For each attempt, the successive positions describing, in projection, the path of steepest descent of a sphere rolling on 0 1 , ,...,4 previously adsorbed spheres are checked one after another for overlap with neighboring preadsorbed spheres. Depending on the local environment, there are thus, at most, five such positions, the first one simply being a point selected at random on the square cell. If for a given position, no overlap occurs, the particle is fixed in place, no subsequent positions are computed, and a new attempt is generated. If overlap occurs, the next position is computed by considering the path of steepest descent obtained when taking into account the nearest preadsorbed sphere, and so on. If even for the fifth, and last, position, overlap is found, the particle is definitely rejected and a new attempt is generated.
Throughout the simulation, we monitored (i) the coverage as a function of time, (ii) the pair correlation function, (iii) the density of clusters containing k-connected spheres, (iv) the fraction of each of the six possible deposition mechanisms, (v) the frequency of the cluster-cluster agglomeration, and (vi) a "residual function" required in the analysis of the asymptotic kinetics.
The different properties listed above are most effectively examined using different total simulation times and system sizes. Therefore, four sets of simulations, listed in Table I , were performed. The average maximum coverage in the largest system was 0.610 49 with a standard deviation of 0.000 62 (computed from: ?= (e( CO )2) -(e( CO >)2). This is in good agreement with the values obtained by Jullien and Mcakin 0.610 56*0.000 0514 and Thompson and Glandt 0.610 48*0.000 13."
Ill. ROLLING MECHANISM AND CLUSTER FORMATION
As a result of the rolling mechanism, the exclusion effect of the adsorbed particles is initially much weaker in BD than in RSA. In RSA, isolated adsorbed particles (i.e., TABLE I. List of simulations. The calculated properties are discussed in Sec. II. r, is the relative area of a sphere; N,, is the number of attempts to add new spheres, and N, is the number of independent runs. The numbers in parentheses in the final column are the estimated standard deviations of the saturation coverage, 6, .
(ii) If an incoming sphere is incident in the region bounded by the dashed line, it reaches a stable, elevated position and is rejected. In RSA, only process I is possible; any particle falling on top of an adsorbed particle is rejected.
those that are at least 2 diam away from their nearest neighbors) exclude a region of area rrd from incoming particles, whereas in BD incoming particles simply roll down isolated particles to the surface, thereby forming a dimer. Similarly, two adsorbed spheres separated by a distance between 1 and 2 diam cannot prevent an incoming particle from reaching the surface. The simplest configuration with an exclusion area is an acute triangle formed by the vertices of three adsorbed particles. An additional particle falling within this region nestles in a stable elevated position and is rejected. These observations are consistent with the short time expansion of the available surface function: in BD the second and third coefficients are zero, while in RSA all coefficients are nonzero.
With increasing coverage in the BD process, the exclusion regions grow by accretion to form additional triangular regions and by coalescence. In the latter process two adjacent exclusion regions are connected by a rolling sphere. In the late stages of the deposition process, these connections and extensions of the exclusion area divide the available area into disconnected regions. The complexity of this process explains the limited range of validity of the fourth-order time expansion. l5 When a new sphere arrives in the vicinity of the adsorbed layer, it may be adsorbed directly, it may be deflected once, twice, three, or four times before reaching the surface, or it may reach a stable elevated position and be rejected. These deposition mechanisms, refered to as I-VI, respectively, are illustrated in Fig. 1 . The solid circles represent preadsorbed particles while the dashed circles represent incoming particles, and the arrows indicate the trajectory of the spheres to their final positions, shown as shaded circles. Process I shows the direct deposition mechanism in which particle trajectories are always straight lines. Process II involves rolling on the surface of one preadsorbed particle: It may occur whenever the center of an approaching particle is within 1 diam of the center of the preadsorbed particle. The new sphere finally comes to rest on the nearest position from the center of the preadsorbed particle and becomes one element of a cluster. Process III shows the adsorption after rolling down on the preadsorbed particles with one change of direction. This process can occur if the center of the falling particle is within the rhombus formed by the centers of two preadsorbed particles and two disks simultaneously tangent to both preadsorbed spheres. Process IV shows adsorption after rolling down on three preadsorbed particles with two changes of direction. If a particle falls on the obtuse triangle formed by the centers of three preadsorbed particles, it is finally fixed at the nearest position from the centers of two particles which are two vertices of the longest side of this obtuse triangle. At the final stage of the deposition process, the obtuse triangles may also contribute to the total available surface area if the longest side is shared with the acute available surface area. This combined geometry enables the actual target area to have the shape of polygon during the final stage of the deposition process. Process V involves rolling on four preadsorbed particles with three changes of direction. This can occur only when a particle falls onto one obtuse triangle and then can roll into a neighboring obtuse triangle. In process VI, the dashed triangle shows the typical exclusion region.
In Fig. 2 we display the frequency of each addition Table 1 .
process relative to the frequency of all addition processes as a function of coverage. This ratio is also equal to the available surface for each process relative to the total available area. Direct deposition, process I, decreases monotonically with coverage and is quite rare in the late stages of addition. The occurrence of process II depends on the previous occurrence of process I. Similarly, processes IV and V depend on the previous occurrence of process II. The relative frequency of process II displays a maximum at 8~0.25, while the frequencies of processes III, IV, and V all increase monotonically with coverage. Process III is the most probable rolling mechanism above 8~0.4. Process V occurs infrequently, even at the highest coverages. As already noted, the rolling mechanism leads to the formation of connected clusters of dimers, trimers, etc., of spherical particles. Let mk( t) denote the number density of k-mers at time t. Clearly, p(t) =Bj?= tkmk( t), since the sum is equal to the number of particles per unit area. During the simulation we monitored the formation and disappearance of clusters with time. As shown in Fig. 3 , there are obvious maxima in the first six k-mer densities.
In two-dimensional ballistic deposition, clusters are formed by accretion and coalescence. In the former process an additional sphere rolls down the surface of an i cluster to form an (i+ 1) cluster with the simultaneous destruction of the i cluster. Coalescence occurs when a new sphere connects an i cluster and a j cluster to form an (i+j+ 1) cluster. We define Pij as the probability for this process relative to all addition processes. Thus P,, is the probability at any addition to form a trimer, P12+Pz1 a tetramer, P,, + Pz2+ P3, a pentamer, etc. The coverage dependence of these properties is displayed in Fig. 4 . It is, of course, observed that Pij and Pji are equal over the entire deposition process. It is interesting to note that in 1+ 1 dimensional ballistic deposition the coalescence mechanism is inoperative: cluster growth occurs only by accretion." Qualitative differences are therefore expected and observed in the cluster kinetics. As already noted, (at least) the first six k-mer densities, mk(t>, display maxima in the 2+ 1 process, while in the 1 + 1 dimensional process, only monomers display a maximum as a function of time. 
IV. STRUCTURE
We have also investigated the structural characteristics of the deposition by numerically calculating the radial distribution function, g (2) (rj), as a function of the coverage, 8, and the distance between two particles, r. Since the peak at r= 1 is so much larger than other peaks, we do not include it in the plots in Fig. 5 . The peaks are distinctive of the rolling mechanism. The peak at r=2 results from rolling of an additional sphere on a dimer: According to the analysis presented below, there should be a divergence at this separation. There is also a small peak at r= ,/3 which is produced by a rolling process on a connected trimer: see Fig. 6 (i). This feature was not observed by Thompson and Glandt," perhaps due to insufficient resolution. In the solid phase, this peak is much stronger and results from the ordering of first coordination shell, which allows the close approach of the second coordination shell. This ordering prohibits appreciable concentrations of particles between the first two coordinate shells in the solid phase, unlike in the BD process where gc2) (r,(3) is nearly unity between the d3 peak and that at r= 1. The peak at r=2 in the radial distribution function results from addition of a monomer to a dimer. Let p denote the angle between the line between the centers of the spheres forming the dimer and the radial position of an incoming sphere measured from the center of the nearest sphere forming the dimer: See Fig. 6 ( ii). As a result of the uniform, random nature of the addition process, p(q), the probability density function for q, is a constant. The arriv- 
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The results are shown in Fig. 7 . With increasing coverage, the effect of the discontinuity at r=2 is apparent. There is no trace of the J3 peak, however. Our calculation confn-ms that the average coordination number is slightly less than 2.0 at the jamming limit. This is consistent with the value computed by Thompson and Glandt: z, =N( l,f3,) = 1.9602*0.0008. As they mentioned, since this value is less than 2.0, it is impossible to generate the percolating configuration by this process.
V. ASYMPTOTIC KINETICS Inspection of the configurations of adsorbed spheres near the saturation coverage shows that the surface available for the addition of new particles consists of small isolated targets in which only one additional particle can be placed. Because of the possibility of rolling, these target areas have a nonzero minimum area. For comparison, in the RSA process the minimum target is of zero area. This important difference leads, as we show below, to an exponential approach to saturation for the ballistic deposition process, rather than the power-law behavior observed in RSA processes.
Some typical targets are shown in Fig. 8 . We may characterize each target according to the number of preadsorbed particles which define it. The centers of these spheres form a convex polygon. Any incoming particle landing in this area will be adsorbed. A target defined by n adsorbed spheres must be surrounded by "stable" positions corresponding to (potential) second layer formation [see Simple geometrical considerations show that the smallest possible target defined by three spheres has an area of S,=S3,= J3/2: see Fig. 8 (ii). Since the smallest target defined by four spheres has an area of S,, = 3 ,/3/4 [ Fig. 8 (iii)], we conclude that the leading asymptotic behavior is determined by the filling of triangular targets. For the purposes of determining the asymptotic kinetics, we characterize a target by its area relative to the minimum area: s=S-S,.
Let n(s,t)ds denote the number density of targets between s and s+ds at a time t. Since new spheres are incident randomly and uniformly on the surface, targets are occupied at a rate proportional to their area, and n (s,t) evolves according to
where t, is the time of onset of the asymptotic regime. Since each target is eventually occupied by one sphere, the behavior of the coverage in the asymptotic regime is determined by counting the number of targets c+e(t) target, respectively. When s=O, L =2, and I= 1. An important observation here is that when L = 2, it is impossible to find a stable position on the other side of this line segment. This implies that at L=2, the target is no longer defined by three adsorbed spheres, but at least four. If L < 2, then it is always possible to find situations in which an additional sphere ensures that there is a stable position on the otitside region next to the segment of length L. We conclude, therefore, that n(O,t,) is zero. It seems reasonable to assume that the first derivative is strictly positive: 
Assuming that n(s,t,) is an analytic function of s around s=O, we next expand n (s,t,) an ht,) nht,) =n(O,tJ +s 7 ( 1
The upper cutoff, s,,,, can be taken arbitrarily large so that we obtain finally exp( -(4/77)S,t)
ebbew-~t,.
The preceding expression is similar to the fitting formula, (2), used by Jullien and Meakin;14 however, cl is equal to 2./3/r= 1.1026 and c2 to 2 instead of 0.4 and 4, respectively. It is interesting to consider how this analysis is modWe now introduce some additional parameters to discuss the properties of the minimum targets. Let L and I denote the lengths of the longest and shortest sides of a triangular ified for the one-dimensional process for which the asymptotic kinetics are known exactly. The variable s now refers to the length of a target relative to the minimum value of 1=2. The arguments are as above except that now n (O,t,) is finite since the minimum target is stable, i.e., it is possible that gaps of width less than one particle diameter exist on both sides of the target. Therefore, the factor of s is missing from Eq. ( 12), and one recovers the exact result, Eq. Figure 9(a) shows R(t) with n=2 and a=343/~, 2,/3/r, 2.8/r, and 2/n; while Fig. 9(b) shows ln[R(t)] with a=2,/3/rr and n= 1, 2, 3, and 4. In both figures, the residual function approaches a constant value at large times when a = 2J3/~ and n = 2. The simulations therefore appear to confirm Eq. ( 13).
Vi. 'INTERPOLATION The use of Pad& approximants to construct approximate equations of state for equilibrium fluids is a wellestablished procedure. One can make use of the same approach for irreversible deposition processes. While in both cases one has available virial expansions at low coverages, it is only for the irreversible deposition processes that one has exact expressions for the asymptotic, high density regime, and no discontinuity due to phase transitions: this confers a considerable simplification compared with equilibrium. The procedure has been successfully applied to develop interpolants for the RSA of spherical particles in two4T22 and three24 dimensions, as well as nonspherical particles adsorbing on a planar surface. 23 An obvious choice for an interpolant in the case of ballistic deposition is the following: e(,)-e(t)= cg-4'rsm'( 1 +c4t) l+cit+Czt2+c3~ * (15) At large times, this has the theoretically predicted asymptotic behavior ( 13). To obtain the correct short time behavior, we first rewrite Eq. (3) as a power series in time.
ed--b,P+o(tS), (16) where b3 =a3/4. Expanding Fq. ( 15) to fourth order in time and comparing it with Eq. ( 16) gives four relations involving the unknown parameters co, cl, c2, c3, and c4. Using the saturation coverage as determined from simulation, i.e., setting co=8, =0.6105 allows the unique determination of the remaining parameters: c, =0.714 18, c2 =1.580 56, c3=2.474 24, c4=0.178 84. Fit 1 in Fig. 10 shows that this approximant accurately describes the simulation data with only a small discrepancy at intermediate times.
Apart from this use as a convenient summary of the theoretical and simulation results, an additional desirable feature of interpolants is that they provide an estimate of the saturation coverage. This expectation has been fulfilled for the RSA of spherical particles in two4122 and three24 dimensions, but not quite, at least to date, for the RSA of nonspherical particles.23 We have therefore tied setting each of the coefficients ci and c2 in the approximant ( 15) equal to zero, expanding to fourth order and comparing with Fq. ( 16) to find the the remaining coefficients. However, this approach does not yield satisfactory results. The best estimate for the saturation coverage, co=0.505 453, is obtained by setting c, =0, while setting c,=O yields the unphysical value co=0.975 656. Interestingly, setting c4=0 does result in a reasonable estimate: c,=O.593 696 (see fit 2 in Fig. 10 ). However, this may be fortuitous since the approximant then does not have the correct asymptotic behavior, Eq. ( 13). A rather more complex interpolation procedure has been previously applied with success to estimate the saturation coverage of various lattice RSA processes. 25 The idea is to transform the time expansion of the coverage to a new variable that reflects the known asymptotic behavior. Thus, in attempting to apply the method to ballistic deposition, we define e--Pt w=l-i-+$, (17) where p= (4/7r)S, and c is an, as yet, unspecified constant. In terms of w, the coverage is [l,l] . For the saturation coverage, which corresponds to w= 1, the approximants are plotted vs c. In the lattice applications mentioned above it is observed that the approximates intersect at very nearly the same point, the abscissa of which corresponds to the estimated saturation coverage. In the present application three of the ap-proximants, [2,1], [ 1,2], [ 1, I ], do intersect, but the estimate for 8, is disappointing: 13, -0.9. The reason for the poor performance in this application is likely due to the fact that both the low and high density asymptotes, Eqs. (16) and ( 13), respectively, have a limited range of validity. In the lattice problems, many more expansion coefficients are known exactly.
VII. DISCUSSION
We have examined the kinetics of formation of the first layer for a ballistic deposition process in which spheres are incident on a planar surface. The possibility of rolling induces a complex addition dynamics. There are five possible addition mechanisms characterized by the number of deflections suffered by an incoming sphere. The probability ofdirect deposition is a decreasing function of coverage, while mechanism II, which involves one deflection, displays an intermediate maximum. All other mechanisms are increasing functions of coverage. The structure of the adsorbed layer, as characterized by the radial distribution function, is distinctive and quite different from that of an adsorbed solid or liquid at equilibrium. The structure of the available surface at high coverages enables the development of an analytic expression for the kinetics in the asymptotic regime which is verified by the simulation data. By combining this expression with analytic results for the low coverage kinetics we succeeded in developing an interpolant which accurately describes the time-dependent coverage over the entire coverage range.
As we already mentioned, it is impossible for the first layer generated by this model to have a percolation structure,26 even though bond percolation is possible in a finite system. If we consider the deposition process without removing the particles reaching a stable elevated position, the probability of particle clustering on the surface increases because of the additional rolling process over the particle deposited on the higher layers. Meakin and Jullien" examined the multiple restructuring of rolling particles on the line. This model leads to an interesting quasicompact structure with defects. In 2+ 1 dimensions, it may also generate a percolated first layer on the surface. However, the analysis of continuous multilayer formation processes with restructuring is considerably more challenging than the model considered here. A generalized ballistic deposition process, Eq. (4), with a parameter a greater than 1 allows us to analyze the kinetics of this multiple restructuring model without considering the multilayer geometry explicitly, and is tractable analytically2 ' and computationally. 
